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Abstract

Cointegration analysis involves the solution of a generalized eigenproblem involving moment matrices
and inverted moment matrices. These formulae are unsuitable for actual computations because the condition
numbers of the resulting matrices are unnecessarily increased. Our note discusses how to use the structure of
the problem to achieve numerically stable computations, based on QR and singular value decompositions.
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1 Introduction

Many observed time series appear to be non-stationary. A simple form of non-stationarity arises when
the first differences of a series are white noise. In that case we say that the serigsissajegrated
of order one,I(1), and for the first differencesAy;, ~ I(0). An important step in the statistical
analysis of integrated series was the realization that it is also possible for a linear combindfibn of
variables to bd (0). These variables are then said to cointegrate.

A simple framework for the statistical analysis is the vector autoregression (VAR). For example,
when using one lag:

Y = Ty—1 + e, g~ N, [0,9Q], (1)

wherey, is ann x 1 vector andr ann x n matrix. The disturbances are independent and identically
distributed, withN,, denoting then-dimensional normal distribution This system can be written as a
vector equilibrium-correction model (VECM), by subtracting ; from both sides:

Ay, = (7 — In) yt—1 + &4,
using I, for then x n identity matrix. Alternatively, writingll = = — I,,:
Ay = Tly; 1 + &

This shows that the matriX determines how the level of the processnters the system: for example,
whenIl = 0, the dynamic evolution does not depend on the levels of any of the variables. The
statistical hypothesis of cointegration is:

H(r): rank (IT) < r.
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Under this hypothesid] can be written as the product of two matrices:
I =af,

wherea and 5 have dimensiom x r, and vary freely. As suggested by Johansen (1988) (also see
Johansen, 1995), such a restriction can be analyzed by maximum likelihood methods.

Maximum likelihood estimation requires solving a generalized eigenproblem. The purpose of this
note is to show that the standard method for solving this eigenproblem, as proposed in the statisti-
cal literature and discussed in the next section, is numerically undesirable. We then consider several
alternatives which are numerically more stable. We also consider an example to illustrate the im-
pact of the different implementations. But, before we continue, we summarize the two orthogonal
decompositions that are used.

The singular value decomposition (SVD) of an x n matrix A, rankA = ris A = UXV".
Assumingm > n gives the ‘thin’ version:U is m x n, Visn x n, U'U = V'V = I,, and
Y = diag(oy,...,0,). The singular values are real, non-negative, and ordered: --- > o, >
or+1 = -+ = o, = 0. So the rank ofd corresponds to the number of non-zero singular values.

The QR decomposition of a full rank x n matrix A, m > n, is A = QR. HereQ ism x m,

Q'Q = I,,, andR is an upper triangulam x n matrix with positive diagonal elements. Since only
the topn rows of R are non-zero, it is customary to use the thin version wigoensists of the first

n rows of R and@ of the firstn columns ofQ, soQ = (@ : ), R’ = (R’ : 0) and A = QR. Instead

of storing Q, only them x n matrix of Householder transformations is storétl.R is the Choleski
decomposition ofA’ A. Normally, the QR decomposition is augmented with column pivoting to handle
rank deficient4, see Golub and Van Loan (1996, Ch.5).

2 Standard algorithm for cointegration analysis

A more general version of (1) allows for longer lags, and deterministic variables such as constant and
trend. From a statistical point of view, the treatment of the constant and trend is very important (see,
e.g. Doornik, Hendry, and Nielsen, 1998). The trend, if present, is usually restricted to lie inside the
cointegration space, leading to the general VECM:

k—1
Axy =Tz}, +ZFijt_j + Oq; + &, t=1,...,T, 2

j=1
where {z;} is ann-vector time series, the starting valués,_,...,zo) are fixed,{e;} is i.i.d.

N,[0,9], andz}_; = (x}_y,d})’, whered, and ¢, are deterministic regressord’ is the sample
size after allowing for lags and differences.

The maximum likelihood method for estimating the cointegration space, proposed by Johansen
(1988), writed I = a3, wherea isn x r, andg3 isny x r. In this case, there are, — n variablesd;
restricted to lie in the cointegrating space. The unrestricted deterministic variglaled lagged dif-
ferences (and possibly additional non-modelled variables) can be partialled out (i.e. removed through
a prior regression) from\xz; andz;_,, giving yo: andy;;:

Yor = af'yit + e, t=1,...,T. (3)

Stacking the partialled dat&y] = (yo1 - - - yor), andY;] = (y11---yi7) gives the matrix equivalent
of (3):
YO = Ylﬂo/ + F. (4)
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The likelihood is maximized by solving the generalized eigenvalue problem:
IAS11 — S10S50 So1| = 0, %)

writing S;; = T—lYi’Yj, for 4,7 = 0,1. This can be translated in a standard eigenvalue problem
through pre and post multiplication hﬂ/l_ll/2, see Johansen (1995, p.95), givingigenvalued >
A1 > ... > A, > 0. The remaining (if any)., — n eigenvalues are zero. The hats on Xsendicate
that these have been estimated. The ‘trace’ statistic tests wHéthas rank< r, given that it has
rankn or less: =71 log(1 — Xi). Under the null hypothesis, the trace test has a distribution
which is a functional of multivariate Brownian motions. Full details on the statistical analysis are
given in Johansen (1995).

Simple restrictions of the forrv = Bf and 3 = H¢ can be incorporated with only small
adjustments (as can calculation of Wald tests for differ@¢ntet B = Q, R, be the QR decomposition
of B. Then (3) can be written as:

Qyyor = R0 H'y1y + Qe

The following algorithm has often been used to implement the Johansen procedure:

Algorithm 1 If Yy, Y7 have full column rank, then ML estimation of (4) can be achieved by:

(a) Compute second moment matriégs, So1, S11 : Sii — T7Y/y;,
(b) Choleski decomposition df; : S11 = PP,
(c) Solve symmetric eigenproblem P80 Sot S P~Y = HAH'.

A is a diagonal matrix with the eigenvalu&s. The remaining quantities are:
B=P"H, a=Sup.

Given 3, a can be computed from(3) = Sp13(3'S113) ! (Johansen, 1995, p.91). Singes,1 3 =
I, a follows as given. Note that and 3 are not uniquely determinedi3’ = oV 'V for any
non-singulary’.

Solving a generalized eigenproblethd — B| = 0 with A, B symmetric and positive definite
is analyzed in Golub and Van Loan (199%.7). However, in the cointegration case there is more
structure inA and B. Consequently, Algorithm 1 is numerically undesirable, in the same way that
regression is not implemented by inverting a second moment matrix. The next three sections present
alternative algorithms which are numerically more stable.

In the remainder we concentrate on (4). Note that it is essential that the move from (2) to (3) is
done in a numerically stable way, for example using the QR decomposition with column pivoting (this
is the default procedure for OLS in most software packages).

3 Algorithm 2: QR decomposition

We first consider an alternative procedure for the Johansen procedure that uses the QR algorithm with
pivoting on both data matrices.



Algorithm 2 If Yy, Y7 have full column rank, then ML estimation of (4) can be achieved by:

(&) Thin QR decomposition ofj : YoPy = QoRo,
(b) Computation ofT" x ny matrix W W — QuY,
(c) QR decomposition ofV : WPy, = (@Q2Rs,
(d) Thin SVD of Z = Q2(1 : m,:)" : zZ = UxV.

The required quantities are:
N=02 RB=TYU, B=PB a=T '"?R,Z'U, &= Pa,
whereX = diag(oq,...,0,). V is not required.P; are permutation matrices.

Proof. Note that the algorithm is identical to computing the thin QR pfY; P, = Q; R;, and then the
SVD of Q] Qo. We present the algorithm in an alternate format because most QR implementations do
not return@, but the sequences of Householder transformations instead, complemented by a procedure
to computeQ’A.

To see that the algorithm solves (5) without pivoting (i.e. setfih@o the identity matrix), write
Y; = Q; R; and substitute into (5):

T2 Ry [|IM — QL QuQo |IT /2 Ry| = .

UsingZZ' = UX2U’, we find that the squared singular valueg¥iQ, are the required eigenvalues.
Next, 7~'/2R,3 = U gives the cointegrating vectors. Note that this does not require inversion, and
can be solved by simple backsubstitution, yieldﬁlg Applying the permutation giveg. Finally,
substitution in&(ﬁ) = Smﬁyieldsa. 0

The algorithm is similar to that given in Bjck and Golub (1973) and analyzed in Golub and Zha
(1994) (also see Golub and Van Loan, 19982.4.3). The adjustment for pivoting to (4) is:

%P@ = Y1P1P1/ﬁo/Po + EPO
Using the Cauchy—Schwartz inequality? = ||Z||3 < ||Q1]3]|Qol|3 < 1. So all eigenvalues are
between zero and one.
4 Algorithm 3: QR decomposition

The next alternative procedure is also QR based, but works on the combined data matrix.

Algorithm 3 If Y}, Y7 have full column rank, then ML estimation of (4) can be achieved by:

(a) Thin QR decomposition of the

Tx(mi+n)matix Y =(V1Yy): Y =QR=Q B fho )
(b) Computation ofi; x n matrix Z Z « RigRys,
(c) Thin SVD of Z : Z=UxV.

The required quantities are:

2
~ O; ~
\i=—"=, Ruf=T"%U a=T"2R}U,

i= 18 10

i

where = diag(o, . ..,0,); @ andV are not required.
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Proof. The second-moment matrix &f using the QR decomposition without pivoting from step (a)
contains thes;;:

R\ R R\ R S S
Tyy — -l < R 11 R0 > _ ( 11 Sio > '
RioR11  RjyRi0 + RyyRoo So1 Soo

We need a standard result for symmetric partitioned matrices. Define

A B
B" D )’

whereA and D have full rank. ThefA — BD7'B)™1 = A=' + A='B(D - B'A~'B)"'B’A~ !,
WhenA=1,D = —R60R00 andB = Ry

_ -1 _
[I + Rio(RiyRoo) ' Rig] =1 — Rio(RjgRio + RigRoo) Rl
Substituting this into (5) gives an alternative symmetric eigenproblem:

0 = |AS11 — S10S59 So1]
= [T7Y2R}y|]AI = Rig (RjgRio + RooRoo) ' Riol|T~ /2Ry
T2 Ry ||(A = DI + [T + Rio(RjyRoo) ™" Ry~ |7~/ Ru|
[T 2Ry [|(A = 1) + I + Rig(RygRoo) ™' Rig||T~'/* Rus |
[T~ 2Ry []AA = 1)7 + Rao(RgoRoo) ™" Rio||T~"/? Ru
= (=)™T 2Ry [| = A(A = 1)7' — Rao(Rfo Roo) ™ Rig||T~/?Rua .

In the fourth line we use the fact that the eigenvalues of an inverted symmetric matrix are the reciprocal
eigenvalues of the original matrix. }i; are the eigenvalues solving the term in the middle, then

Ai = wi/(1+ p;) (@and henced < A; < 1). Also see Johansen (1995, p.94;; is again an
upper-triangular matrix, buk, is not. 0

Like algorithm 2, this algorithm uses a QR decomposition for the first step, and the singular value
decomposition to solve the symmetric eigenvalue problem. The main difference is that Algorithm 2
only uses from the QR step, whereas Algorithm 3 only uges

Implementations of the QR decomposition would normally signal rank deficiencigs In that
case, both algorithms should abort with an error message. Algorithm 2 will produce an answer for the
singular case, but this does not solve the original problem. Algorithm 3 is humerically less reliable,
because it does not use pivoting, and requires the inverBggof

5 Algorithm 4: the singular case

If either Yy or Y7 has reduced rank, the previous algorithms break down. A more reliable solution is
to use the SVD throughout:

Algorithm 4 ML estimation of (4) can be achieved by:

(@) Thin SVD decomposition df;, : = 0,1 : Y, = UXNV/,
(b) Computation ofi; x n matrix Z Z — Uiy,
(z) Thin SVD ofZ : Z = U,V

The required quantities are:
Ni=ol B=TY’VS7'U. a=T"'"*Vx%2'U, (= T ?YjUU.),

!t =diage;t -5, 1), wheres; ! = o; ! wheno; > ¢, ands; ' = 0 otherwise.
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Proof. This is similar to Algorithm 3:
| T=Y2Vi8 [|A — Ul UpUUL || T2, V]| = 0.

O

The choice of, would depend on the machine precision. We suggest usirg 107%||Y3 ]|,
which is appropriate for double precision (8-byte) arithmetic.

6 Operation count

We follow Golub and Van Loan (1996) in the definition of floating point operation (flop) count, count-
ing a scalar addition, multiplication, or division as one flop. Golub and Van Loan (1996, p.225) give
the flop count of the thin Householder QR decomposition afiann matrix as2mn? —2n3 /3. In this
note,m corresponds to the sample siZeand is assumed to be significantly larger thaTherefore,

we take the number of flops of the thin QR248»2. Application of the Householder transformation to
computeQ’ A whenA is T x q usesdTnq flops ©p.cit.p.212-213). In some cases we also reqg@ire

the firstqg columns ofQ. This is most efficiently done through backward accumulatamdit. p.213),

and can be shown to take approximateélynn — 2(m + n)q* + %q3 operations. Therefore, when

m = T dominates, ang = n, this reduces t@7Tn?, the same as for the QR decomposition itself.
Using the same largé€ argument, we assume that the thin SVD taé&s? flops ©p.cit. p.254), re-
gardless whethél is required or not, because the term wiltlis assumed to dominate. Computation
of A’BwhenA, B areT x n matrix take27'n? flops, andA4’ A half that.

Assume that; = n and that the sample siZ@ is sufficiently large to mak&n? the dominant
term. Then algorithm 1 forms thre%;; moment matrices, takingn?(1 for Sy; + 2 for Sy + 1 for
Soo) = 4Tn2.

Algorithm 2 takes two QR decompositions at ab@iit»? flops each, as well as a multiplication
with Qo at 47n? and extraction of), at anotheRTn?, resulting in a total ofl07n2. This can be
reduced ta87n? if Qs is found from(W P,)(1 : n,:) = Q2(1 : n,:) Ry, but this has some negative
effect on the numerical stability, making it comparable to Algorithm 3. If the algorithm is implemented
asthe QR olv;: Y; P, = Q;R;, and then the SVD o) Q it would also takel07'n? flops.

Algorithm 3 does one QR of @' x 2n matrix, which take®7'(2n)? flops. Finally, algorithm 4
requires two SVD decomposition and the computatiol of

The approximate operation count for the three algorithms under those assumptions equals:

Algorithm  flops wherl” > n

1 ATn?
2 10T'n?
3 8Tn?
4 14Tn?

7 lllustration

To illustrate the different properties of the algorithms, we estimate a two-equation VAR(2) which has
both equations asymptotically identical:

v = (&, e + u;107™) whereu; ~ N(0, 1).



The estimated ECM has no deterministic terms:
Ay; = afyi1 + Ayi1 + &

We selecty; as theCONSvariable from a tutorial data set of Ox (Doornik, 2001). Ox was used for
all computations, and we createdusing the default random number generator. /#ramot too large,
this problem will yield the same cointegration eigenvaluegwasu;), namely0.35091938503 and
0.00450356266. As m gets very large, the system reduceggg y;). The single equation VAR(2)
involving y; has eigenvalu®.00487801748.

Table 1: Largest eigenvalue for VAR(2);, y: + u;10~™). Incorrect digits in bold.

m=1 m =3 m =2>5 m =10
Algorithm 1a  0.350919@555 0.3508570155 0.05949553867 failed
Algorithm 1b  0.350919@557 0.3509589051 0.13273076746 failed
Algorithm 2 0.35091938503 0.35091938503 0.3509192850.01335798065
Algorithm 3~ 0.35091938503 0.35091938503 0.350919885 failed
Algorithm 4 0.35091938503 0.35091938503 0.3509193840.00487801748*
* A warning signalling singularity is also printed.

The results are in Table 1 for selected valuesngfobtained with Ox version 2.20 (the rounding
errors accumulate slightly differently in Ox 3.00). Algorithm la and 1b only differ in the order of
evaluation: the former haB='[S}; Syt So1] P, while the latter use§P 15,154 [So1 P~Y]. Both
algorithms are clearly much less stable than those using QR and SV decompositions.=Ab
they have broken down, with completely wrong eigenvalues. In this case there is no indication of
failure: only atm = 6 does the Choleski decomposition break down. Note that with Algorithm 1 it
is actually possible for badly conditioned problems to find eigenvalues which are negative or greater
than one! The fact that the algorithm is so sensitive to the ordering of the computations is also a sign
of instability.

Algorithm 2 signals problems frormm = 6 onwards, warning that, has reduced column rank,
but keeps producing an answer. Algorithm 3 also signals problems/frem6 onwards, but is unable
to provide a solution in that case.

Algorithm 4 is designed to handle singularities. Frem= 10 onwards it gives the correct answer
as if there was only ong. Betweenm = 7 andm = 10 it moves to that value: fom = 6 the largest
eigenvalue i9).350917 but form = 7itis: 0.004914. The value for, in this example i2.1 x 1075;
from m = 7 onwards, the algorithm signals the singularity.

Algorithms 2—4 are clearly superior to Algorithm 1, still producing essentially the correct answer
atm = 5.

8 Conclusion

We presented and analyzed several algorithms for maximum likelihood estimation of cointegration
which are numerically more stable than the standard form which uses second moment matrices. For
a general purpose implementation, where singularity could be an issue, we recommend using the
SVD-based algorithm 4. Otherwise, for example in Monte Carlo experiments, Algorithm 3 could be
used as the fastest algorithm that can detect non-singularity, or 2 as the more stable algorithm. Most



importantly, all alternative algorithms are an improvement on the standard method, because they will
will signal problems instead of reporting potentially spurious results.
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